One of the most central questions in the theory of automorphic forms is that of Langlands' functoriality or the lifting of automorphic representations [20, 2] . One of the most basic cases of functoriality would be the lifting of automorphic representations from the split classical groups to an appropriate GL N . It is this question we address in this paper.
Take G to be a split classical group over a number field k. So G is one of the groups SO 2n+1 , SO 2n , or Sp 2n . The connected component L G 0 of the Langlands dual group is Sp 2n (C), SO 2n (C), or SO 2n+1 (C) respectively. In each case there is a natural embedding of L G 0 into GL N (C) = L GL 0 N for N = 2n, 2n, or 2n + 1 respectively. The philosophy of Langlands then says that associated to this map of dual groups there should exist a lifting of automorphic forms on G(A k ) to GL N (A k ). This map on dual groups also governs local liftings of irreducible admissible representations of G(k v ) to GL N (k v ) and these local and global liftings should be compatible.
While there is at present no precise global conjecture on the nature of the lifting in our situation, the local lifting is well understood in several cases and the global lifting can be understood in terms of compatibility with the local lifts. If v is an archimedean place of k then every irreducible admissible representation π v of G(k v ) is given by an admissible homomorphism of the local Weil group W k v into L G 0 [23, 2] . Composing with the map to L GL 0 N we get a parameter for an irreducible admissible representation Π v of GL N (k v ). Π v is the local Langlands lift of π v . Similarly, if v is a non-archimedean place and π v an unramified admissible representation then π v is determined by its Satake parameter [t v ] which is a semi-simple conjugacy class in L G 0 [29, 2] If we have an irreducible automorphic representation π = ⊗ π v of G(A k ) then for almost all places, namely the archimedean ones and the non-archimedean places where π v is unramified, the local component π v of π has a local lift Π v . We will say that a automorphic representation Π = ⊗ Π v of GL N (A k ) is a weak Langlands lift of π, or simply a weak lift, if at the archimedean places and almost all non-archimedean places where π v is unramified Π v is in fact the local lift of π v . J. C. was supported in part by the NSA. H. K., I. P. S., and F. S. were supported in part by the NSF. While at the Institute for Advanced Study, J. C. was supported in part by a grant from the Ellentuck Fund, H. K. from NSF grant DMS 9729992, and I. P. S. from the general funds of the Institute. The final stage of the research by J. C. and I. P. S. was conducted for the Clay Mathematics Institute.
In this paper we establish the existence of a weak lift in this sense of globally generic cuspidal representations of SO 2n+1 (A k ) to GL 2n (A k ).
There are currently three methods of establishing functoriality. Two of them are trace formula methods: the usual trace formula of Arthur and the relative trace formula of Jacquet. The third method is that of converse theorems [8] . It is this third method which we have developed with this purpose in mind and which we use to establish these lifts.
The converse theorem is a method of L-functions. There are currently two ways to analyze the analytic properties of L-functions: through integral representations or through the constant term and Fourier coefficients of Eisenstein series. This work is a blending of these two methods. The converse theorem itself is from the theory of integral representations, for in its essence it is the inversion of the integral representation of L-functions for GL N . To effect the lift from a classical group G using the converse theorem we must have relatively complete control of the analytic properties of the Lfunctions for G. In this paper we do this almost entirely using the method of Eisenstein series. The results we use which rely on this method are available for all split classical groups. The one exception is the local "stability of γ" (Proposition 3.4) which lets us finesse the local lifting at the ramified places. This is a result from the local theory of integral representations and is currently only available for SO 2n+1 . Once this result is established for SO 2n or Sp 2n , the lifting from these groups will follow.
The first section of the paper is devoted to the precise statement of the lifting for the case of G = SO 2n+1 . The second section contains a discussion of the version of the converse theorem we utilize. The third section is devoted to the analytic properties of L-functions for SO 2n+1 . In the fourth section we discuss the local liftings at all places and how the stability of γ lets us finesse the local lifting at the finite places where π v is ramified. In the fifth section we effect the lifting. The sixth section is devoted to consequences of the lift, including the existence of a local lift for the case of supercuspidal representations.
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Let G n = SO 2n+1 be the split special orthogonal group in 2n + 1 variables defined over k. For definiteness, we will take G n as the isometry group of the form
. In this realization we can take the standard Borel subgroup of G n to be represented by upper triangular matrices. We will denote this Borel subgroup by B n and its unipotent radical by U n . The abelianization of U n is a direct sum of copies of k and we may use ψ to define a non-degenerate character of U n (A) which is trivial on U n (k). By abuse of notation we continue to call this character ψ.
The connected component of the Langlands dual group of G n is L G 0 n = Sp 2n (C). GL 2n as an algebraic group over k has as the connected component of its dual group L GL 0 2n = GL 2n (C). There is a natural embedding ι : 
. This is again the local lift of π v .
An irreducible automorphic representation Π = ⊗ Π v of GL 2n (A) is called a weak Langlands lift of π, or for brevity simply a weak lift of π, if for every archimedean place v and for almost all non-archimedean places v for which π v is unramified we have that Π v is a local Langlands lift of π v . In particular this entails an equality of (partial)
. Let π be an irreducible cuspidal representation of G n (A). We say that π is globally generic if there is a cusp form ϕ ∈ V π such that ϕ has a non-vanishing ψ-Fourier coefficient along U n , i.e., such that
Cuspidal automorphic representations of GL n are always globally generic in this sense. For cuspidal automorphic representations of SO 2n+1 this is a condition.
Theorem. -Let k be a number field and let π be an irreducible globally generic cuspidal automorphic representation of the split SO 2n+1 (A). Then π has a weak lift to GL 2n (A).
The proof of this theorem will be given in Section 5 after we develop some necessary preliminaries.
The Converse Theorem for GL N
In order to effect the weak lifting from SO 2n+1 to GL 2n we will use the converse theorem for GL N with N = 2n in the following form. The applicability of the theorem in this form to the problem of lifting was outlined in [8] .
Let us fix a finite set S of finite places of k.
For each integer r, let
A S (r) = {π : π is an irreducible generic automorphic representation of GL r (A) such that the local component π v is unramified for all v ∈ S}.
Similarly, let A
• S (r) be the cuspidal elements of A S (r). Let 
Then there exists an automorphic representation
In the statement of the theorem, the twisted L-and ε-factors are defined by the products
of local factors as in [4] .
Proof. -This formulation of the converse theorem has not appeared in print. If the character η is not present, i.e., it is stated in terms of the T (S) only, it is trivially a consequence of Theorem 2 of [7] , which has the same statement but with twists only for 1 r N − 2 (assuming N 3). The proof of our current statement is simpler than that of Theorem 2 of [7] and can be given along the lines of Theorem 1 of [4] . We will sketch the necessary modifications to the proof of Theorem 1 of [4] for the convenience of the reader. We will follow the notational conventions [4] without comment. For the duration of this proof we let G = GL N . We follow the standard convention that for a set of places S we let G S = v∈S G v and G S = v ∈ / S G v with similar conventions for representations, L-functions, etc.
We begin with Π = ⊗ Π v as in the theorem. We assume that L(s, Π × τ) is nice, that is, satisfies (1) 
Since representations of Whittaker type have Whittaker models, for each
where P = P N is the standard mirabolic subgroup fixing the row vector (0, ..., 0, 1), N is the standard upper triangular maximal unipotent subgroup of GL N , Q is the transpose of P, that is, the opposite mirabolic, α is the permutation matrix α = 1 I N −1 , and
Nα. Since P(k) and Q(k) generate GL N (k) we see that an equality U ξ ( g) = V ξ ( g) for all ξ would imply that the map ξ → U ξ ( g) would embed V Ξ into the space of automorphic forms on GL N (A).
Since we are only twisting by representations which are unramified at places in S, we will only be able to prove this equality for a restricted set of ξ and only on a subset of GL N (A). For every place v ∈ S we choose a vector ξ 
Then as in Section 10 of [4] for ξ of the form
is replaced by a simple matrix computation (as in Lemma 2 of Section 4 of [7] ) which shows that P 0 (n) and Q 0 (n) generate the congruence type subgroup
For our Π of the theorem we now take any irreducible constituent of Ξ but with the restriction that for v ∈ / S we take Π v = Π v , which is possible by our construction. This proves the result without the character η.
To incorporate the character η, the only thing to observe is that if
so that applying the converse theorem for Π with twisting sets T (S; η) is equivalent to applying the converse theorem for Π ⊗ η with the twisting sets T (S). Then by the above, Π ⊗ η is quasi-automorphic and hence Π is as well.
To apply this theorem to the problem of Langlands lifting form SO 2n+1 to GL 2n , we begin with our globally generic cuspidal automorphic representation π = ⊗ π v of SO 2n+1 (A). For each place v we need to associate to π v an irreducible admissible
For archimedean places v and those non-archimedean v where π v is unramified, we take Π v to be the local Langlands lift of π v . For those places v where π v is ramified, we will take for Π v an essentially arbitrary irreducible admissible generic representation of GL 2n (k v ) having trivial central character. However, we must choose our finite set of places S of k such that S contains the places where π v is ramified and choose our
This is an irreducible representation of GL 2n (A). With the choices above we have
for Re(s) >> 0 and all τ ∈ T (S; η). In the next section we will show that the theory of L-functions for SO 2n+1 × GL r is developed far enough to guarantee that Π satisfies the hypotheses of this converse theorem. Hence Π is quasi-automorphic and moreover there exists an irreducible automorphic representation Π of GL 2n (A) such that Π v Π v for all archimedean v and almost all finite v where π v is unramified. Hence Π is a weak Langlands lift of π.
Analytic properties of L-functions SO 2n+1 twisted by GL r
Let π be a globally generic cuspidal representation of G n (A) = SO 2n+1 (A). For τ a cuspidal representation of GL r (A) we will let L(s, π × τ) be the completed L-function as defined in [31] via the theory of Eisenstein series. The local factors are then defined via the arithmetic Langlands classification for archimedean places, through the Satake parameters for finite unramified places, as the poles of the associated γ-factor (or local coefficient) if π v and τ v are tempered, by analytic extension if π v and τ v are quasi-tempered, and via the representation theoretic Langlands classification otherwise.
Let S be a non-empty set of finite places of k such that π v is unramified for all finite v ∈ / S. Let η be a continuous character of k × \A × which is highly ramified for all v ∈ S.
This follows from the results in [18, 19] . For the convenience of the reader, we will sketch the proof here.
Let 
Let π be as above and τ a cuspidal representation of GL r (A) in T (S; η) also as above. If we let M = GL r × G n then M is a Levi subgroup of a standard maximal parabolic subgroup P = P r , n ⊂ G r+n . Let m = r + n and let N = N r , n be the unipotent radical of P. In order to make the argument, we will consider both the case n | = 0, the case of interest, and n = 0, for purposes of induction. We view σ =τ ⊗ π as a unitary cuspidal globally generic representation of M(A). As such, we can form the induced representation
If α is the simple root associated to the maximal parabolic subgroup P and we let, as usual,α = ρ P / ρ P , α then as in [31] I(s, σ) = Ind
We let V(s, σ) denote the space of functions on which I(s, σ) acts. We could represent these representations as all realized on the same underlying space of functions on a suitable maximal compact subgroup K(A), namely the space V of
) with the action varying with s. Each f ∈ V then determines a section f s ∈ V(s, σ).
Consider, for f ∈ V, the Eisenstein series
This converges for Re(s) >> 0 and has a meromorphic continuation to all of C [21, 26] . Our condition on the central character of τ guarantees that the poles of the Eisenstein series in the half plane Re(s) 0 are all simple and lie on the real axis. The first key observation is the following.
Proof. -This is Proposition 2.1 of [18] . It follows from Langlands' inner product formula for the residues of Eisenstein series [21, 26] .
This will hold in our situation by the following lemma. Proof. -If τ ∈ T (S; η) then at a place v ∈ S we have that the local component τ v must be of the form
where B r is the upper triangular Borel subgroup of GL r and the µ i , v are unramified characters. This follows from the fact that τ v = τ v ⊗ η v with τ v both unramified and generic. Thenτ
Ifτ τ then for this placeτ v τ v and then for each i there will be a j such that
v is non-trivial and ramified while
−1 is unramified. This is a contradiction.
From this point on we will use simply that τ is not self-contragredient.
Let Σ denote the set of roots of G m , Σ + the set of positive roots associated to U m , and ∆ denote the associated set of simple roots. Let θ be the subset of ∆ which generates M. Then ∆ = θ ∪ {α}. Let w be the unique element of the Weyl group satisfying w(θ) ⊂ ∆ but w(α) ∈ Σ − , i.e., w(α) is negative. In our setting we have
where s r is the r × r matrix
and the sign on ±I 2n+1 is chosen so that the determinant is 1. Note that w preserves M and that if we define wσ(m) = σ(m w ) then wσ τ ⊗ π and w(e sα , H P σ) = e −sα , H P wσ. We let A(s, σ, w) : V(s, σ) −→ V(−s, wσ) be the standard intertwining operator defined for Re(s) >> 0 by
and continued meromorphically (see [31] and the references therein). A(s, σ, w) factors into a product of local intertwining operators A(s, σ, w) = ⊗ v A(s, σ v , w) with the local operators given by the analogous local integrals. These local operators can be normalized by writing
are scalar functions. The N(s, σ v , w) are then the normalized intertwining operators. Note that if v is a non-archimedean place where I(s, σ v ) is unramified and we let f 
with similar conventions in the local situation.
If we compute a non-trivial Fourier coefficient of our Eisenstein series we find, as in Proposition 5.2 of [10] ,
where U m is the standard maximal unipotent subgroup of G m , ψ our non-trivial additive character of k\A defining a non-degenerate character of U m (k)\U m (A) which we again denote by ψ, T the finite set of places, T ⊃ S ∪ S ∞ , such that σ and ψ are both Utilizing the definition of r(s, σ, w) we may write
where we have written
Note that from our previous analysis of the n = 0 case we know that L(1 + 2s, We will also need the following two results on the analytic properties of these L-functions.
Proof. -This is Corollary 4.5 of [10] . 
Proof. -This is a consequence of Theorem 7.7 of [31] .
As a technical result for effecting the lifting, we will need to use the stability of the γ-factor for local generic representations of SO 2n+1 twisted by sufficiently highly ramified characters as in [6] . In the context of the local L-functions defined via Eisenstein series, the existence of the local γ-factors at all places v is given in Theorem 3.5 of [31] and is related to the local L-and ε-factors by
Proposition
-(Stability of γ) Let v be a non-archimedean place of k and let π 1 , v and π 2 , v be generic representations of G n (k v ). Then for every sufficiently highly ramified character η v of k
i.e, after a sufficiently highly ramified twist all γ-factors become stable.
Proof. -This result was proven in [6] in the context of γ-factors as defined via the integral representations of L-functions for SO 2n+1 as developed by Gelbart and Piatetski-Shapiro [9] , Ginzburg [11] , and Soudry [34] [35] [36] . However, by Corollary 2 of [35] we know that the two definitions of the γ-factor agree, at least up to a constant of absolute value one which, in our case, depends only on the character. Hence the result transfers to the case under consideration.
To determine this stable form, it suffices to take π v to be a full induced representation from characters µ 1 , v , ..., µ n , v of k × v . Then, since the γ-factors are inductive, again by Theorem 3.5 of [31] , we see that for sufficiently highly ramified η v we have
For our purposes it will be better to have the corresponding statement in terms of the L-factors and ε-factors. We begin with L.
Lemma 3.4. -Let v be a non-archimedean place of k and let π v be a generic representation of G n (k v ). Then for every sufficiently highly ramified character
Proof. -This follows from the Main Lemma 1 of [33] .
If we combine the stable form of the γ-factor in (3.2), the relation of the γ-factor to the L-factor and the ε-factor in (3.1), and this Lemma, we arrive at the following corollary of Proposition 3.4. 
Corollary. -Let v be a non-archimedean place of k and let π v be a generic representation of
G n (k v ). Let µ 1 , v , ..., µ n ,ε(s, π v × η v , ψ v ) = n j = 1 ε(s, µ j , v η v , ψ v )ε(s, µ −1 j , v η v , ψ v ) and L(s, π v × η v ) ≡ 1.
The Local Liftings
In this section we describe the local liftings in more detail. There are three distinct cases. Let π = ⊗ π v be a globally generic irreducible cuspidal automorphic representation of SO 2n+1 (A).
(i) The non-archimedean unramified lifting
Let v be a place where π v is unramified. Then, by the Satake isomorphism [29, 2] That the lift is self-contragredient is a simple argument on Satake parameters. Suppose that π v is the unramified constituent of the unramified principal series Ind
with the µ i , v unramified characters. Then the Satake parameter of π v is represented by the diagonal element It remains to show that Π v is generic. We will give two proofs of this fact, in the hope that one might eventually extend to other classical groups.
The first is based on the Kazhdan-Lusztig parameterization of representations having an Iwahori fixed vector [25] and is independent of the unitarity assumption. If G is any split reductive group over k v with connected center, such as our SO 2n+1 (k v ) or GL 2n (k v ), then by an independent result of Barbasch-Moy [1] , Li [24] , or Reeder [28] Z is the center of L G. The associated induced representation is irreducible iff s supports no non-trivial unipotents in this sense (see [1, 25] (C) . Under the embedding ι : Sp 2n (C) → GL 2n (C), ι(t v ) = t v . Since the image of Sp 2n (C) in GL 2n (C) is "big", if t v cannot support a non-trivial unipotent in Sp 2n (C) it cannot support one in GL 2n (C) either since the relevant roots of GL 2n already lie in Sp 2n . Hence Π v must also be a full induced from the Borel and hence generic.
The second proof is based on our knowledge of the unitary dual of SO 2n+1 (k v ). By the result of Barbasch-Moy, Li, or Reeder cited above we still have that π v is a full unramified principal series. If we write this in Langlands form, then by the work of Yoshida [38] we know that since in addition π v is unitary, it must be of the form
with the µ 
where B 2n is the standard Borel subgroup of GL 2n . This is then irreducible by [39] . Hence Π v is generic.
We will need to control the twists of these L-functions by arbitrary generic representations τ v of GL r (k v ) with r < 2n. 
Proof. -As in the proof of Proposition 4.1 we may write
By Theorem 3.1 of [13] we know that
and by Theorem 9.5 of the same paper that
Since Theorem 9.5 applies equally well to the contragredients, then together these statements give also
For the representation π v of G n (k v ) the same results can be extracted from the results of [31, 32] . First, by either the inductivity of γ from Theorem 3.5 of [31] or Section 4 of [32] we know
To obtain the factorization of the L-factors, first note that since both π v and τ v are generic, they are both full induced from generic tempered representations in Langlands order, i.e., 
with each τ j , v tempered on some GL r j (k v ) and Q the standard parabolic with Levi GL r 1 × ... × GL r t . For G n (k v ) this is the work of Muić [27] and for GL r (k v ) that of Jacquet and Shalika [16] or Zelevinsky [39] . For such representations, the L-function is defined via this parameterization in Section 7 of [31] as
Consider one of the factors on the right, say L(s
, and the fact that τ j , v is tempered, then either by the result of Jacquet, Piatetski-Shapiro and Shalika quoted above or Theorem 5.2 of [32] we have
Note again that the Conjecture 5.1, which is a hypothesis of Theorem 5.2 of [32] , is known in our case by Theorem 4.1 of [3] . The result of [32] applies equally well to the factor L(s + b j , π v × τ j , v ) and hence we may factor π v all the way down to its inducing characters µ 1 , v , ..., µ n , v . If we now reconstruct these decompositions we arrive at
and hence, as above,
Comparing these factorizations then gives the statements of the Proposition. The local archimedean L-and ε-factors defined via the theory of Eisenstein series we are using are the same as the Artin factors defined through the arithmetic Langlands classification [30] . Since the embedding ι : Sp 2n (C) → GL 2n (C) is the standard representation of the L-group of SO 2n+1 (k v ) then by the definition of the local L-and ε-factors given in [2] we have
where in both instances the middle factor is the local Artin-Weil L-and ε-factor attached to representations of the Weil group as in [37] . If τ v is an irreducible admissible representation of GL r (k v ) then it is in turn parameterized by an admissible homomorphism
Hence at the archimedean places we also have the analogue of Proposition 4.2. 
(iii) The ramified non-archimedean local lift
If v is a non-archimedean place where π v is ramified, we will take for Π v any irreducible admissible representation of GL 2n (k v ) which has trivial central character. If we like we may take Π v unramified, generic, self-contragredient... 
Proof. -The proof of this Proposition is essentially the same as that of Proposition 4.2. In this case, by the definition of T (S; η) we know that τ can be written as
v and let ν(x) = |x| v then we may write this as
Arguing as in the proof of Proposition 4.2, but now factoring τ according to its characters, we find
By the Corollary to Proposition 3.4, we have that for η v sufficiently ramified (depending on π v ) L(s, π v × τ v ) = 1 and that each ε-factor becomes standard as stated there.
On the other hand, by the same results of [13] as used in Proposition 4.2, we have
Now, by the results of Jacquet and Shalika on the stability of L-and ε-factors for GL n [16] we have that for sufficiently ramified
and each ε-factor becomes standard as stated in Proposition 2.2 of [16] . Since the central character of Π v is trivial, we see that the stable forms in Proposition 2.2 of [16] and in the Corollary to Proposition 3.4 above agree. This gives the statement of the Proposition.
The Global Lift
In this section we prove the Theorem stated in Section 1. 
for all places v of k and hence globally
We of course have the analogous statements for the contragredients.
By Propositions 3.1 and 3.2 we know that, for our choice of η, L(s, Π × τ) is entire and bounded in vertical strips. Furthermore, from Proposition 3.3 we have the functional equation
and hence
Our representation Π now satisfies the hypotheses of the Converse Theorem of Section 2. Hence there is an irreducible automorphic representation Π such that
In particular, at almost all places v where π v is unramified (we must exclude any such places in the finite set S) and all archimedean places v|∞ we have Π v Π v is the local Langlands lift of π v . Hence Π is a weak global Langlands lift of π. This proves the Theorem.
Complements
In this section we would like to give some consequences of our main theorem. Our first three corollaries are global and deal with the questions of uniqueness, selfcontragredience, and genericity of our lifts. The second two are local in nature and show the existence of a unique generic local lift of any generic supercuspidal representation of SO 2n+1 (k v ).
Let π be a globally generic cuspidal representation of SO 2n+1 (A). Let Π be any weak lift of π to GL 2n (A). By a result of Langlands [22] we know that there is a partition n = (n 1 , ..., n t ) of 2n and cuspidal representations σ i of GL n i (A) such that Π is a constituent of Ξ = Ind GL 2n (A) Pn(A) (σ 1 ⊗ ... ⊗ σ t ), where P n is the standard parabolic subgroup of GL 2n with Levi subgroup GL n 1 × ... × GL n t . (As all our inductions in this section will be of this form, from a standard parabolic associated to a partition of 2n, which will be clear from the context, to GL 2n , we will henceforth omit the groups from the notation for induction.) For those finite places v where Π v is unramified we have that Π v is the unique unramified constituent of We say that two irreducible automorphic representations Π and Π of GL 2n (A) are nearly equivalent if there is a finite set T of places of k such that Π v Π v for all v ∈ / T. So if Π and Π are two weak lifts of π then they are nearly equivalent. Moreover we see that any constituent of Ξ is nearly equivalent to any weak lift Π of π and that in fact the constituents of Ξ make up the full near equivalence class of any weak lift of π. We will call an irreducible automorphic representation Π nearly self-contragredient if Π is nearly equivalent to its contragredient Π. Since Ξ and Ξ have the same constituents, we see that any weak lift of π is nearly self-contragredient.
Thus we have established the following Corollary to our Theorem. [23, 2] and hence generic [39] . In this case, Σ v will be the local lift of π v at archimedean v and hence Σ will be a weak lift of π. We gather these facts together in the following Corollary. Note that if we had a way of determining that Ξ was irreducible, for example if we had a cuspidal weak lift, then there would be a unique lift Π of π and this lift would be self-contragredient and generic. One way of obtaining this is to place extra conditions on π. Recall from [5] that a cuspidal representation π of SO 2n+1 (A) is called weakly Ramanujan if for every ε > 0 there is a constant c ε > 0 and an infinite sequence of places {v m } with the property that each π v m is unramified and its Satake parameters
. If π has one tempered unramified component or if π is weakly Ramanujan, then by Theorem 1 or Theorem 1 of [5] we see that the exponents occurring in Ξ are all zero, i.e., s 1 = ... = s t = 0, so that σ i = σ 
Proof. -Let τ v be as in the statement of the Corollary. Then by Proposition 5.1 of [31] there is a cuspidal representation τ of GL r (A) such that at the place v the local component of τ is the given τ v and at all other finite places w | = v we have τ w is unramified. Let S be a finite set of finite places such that π w is unramified for v ∈ / S and let S = S − {v}. Let η be a idele class character such that η v is trivial and η w is sufficiently highly ramified at w ∈ S so that , while for w ∈ S we have γ (s, π w × τ w , ψ w ) = γ (s, Π w × τ w , ψ w ) by (6.1). Hence
This establishes the Corollary.
If we push this line of argument a bit further we find the following. This shows the existence of such Π v . The uniqueness follows from the "local converse theorem", that is, a generic admissible irreducible representation of GL 2n (k v ) is uniquely determined by its γ-factor with twists by supercuspidal representations of all smaller rank general linear groups, as in the Remark after the Corollary of Theorem 1.1 of Henniart [12] .
If π v is a generic supercuspidal representation of SO 2n+1 (k v ) then by Proposition 5.1 of [31] it occurs as the local component of a globally generic cuspidal representation of SO 2n+1 (A), hence the above reasoning applies.
The final statement of the Corollary has in fact been shown in the beginning part of the proof since we took for π an arbitrary global cuspidal representation of SO 2n+1 (A) with local component π v and arrived at the uniquely defined local generic lift Π v .
